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Abstract 

An electron floating on the hquid Hehum is proposed to be trapped (by a micro-electrode set below the 
liquid Hehum) in a high finesse cavity. Two lowest levels of the vertical motion of the electron acts as a 
two-level "atom", which could resonantly interact with the THz cavity. In the Lamb-Dicke regime, wherein 
the electron's in-plane activity region is much smaller than the wavelength of the cavity mode, the famous 
Jaynes-Cummings model (JCM) could be realized. By applying an additional external classical laser beam 
to the electron, a driven JCM could also be implemented. With such a driven JCM certain quantum states, 
e.g., coherent states and the Schrodinger cat states, of the THz cavity field could be prepared by one-step 
evolution. The numerical results show that, for the typical parameters of the cavity and electron on liquid 
Helium, a strong coupling between the artificial atom and the THz cavity could be obtained. 
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I. INTRODUCTION 



Jaynes-Cummings (JC) model (JCM), describing the basic interaction of a two-level atom with 
a quantized electromagnetic field, is a cornerstone to describe the interaction between light and 
matter in Quantum Optics lit. This famous model can explain many quantum phenomena and 
can be implicated in recent quantum- state engineering and quantum information processing (see, 
e-g-, ISSkj]). Usually, JCMs are implemented with the natural atoms in the cavity QED systems 
(see, e.g., ISD). There, the cavities refer to the quantized optical or microwave resonators, and 
the natural atoms are usually prepared at certain Rydberg states 7]. During the flying atoms 
crossing the cavity, the JC interaction between two selected internal electronic levels of the atoms 
and the cavity mode can be realized. Certainly, there has been also interested to realize the JC 
Hamiltonian with other physical systems such as the trapped ions [SI]. 

Electrons on the liquid Helium (called usually the surface-state electrons) is one of the promise 
candidates, introduced first by Platzman and Dykman Is.ll^, to implement quantum information 
processing. Electrons on the surface of liquid Helium are trapped in a set of one-dimensional 
(ID) hydrogenic levels by their dielectric image potentials, and laterally confined by the voltage 
on the micro-electrodes set below the liquid Helium. A set of electrons trapped on the liquid 
Helium are effectively coupled together via their Coulomb interactions. By applying microwave 
radiation to these surface-state electrons from the micro-electrodes, their "atomic" states (acting as 
qubits) could be coherently controlled. Due to its scalability, easy manipulation, and relative long 
coherence time, this system has been paid much attention in recent years to implement quantum 



information processing (see, e.g., |19L 



Id, 
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.QflQ). 



In a recent work nl4\ . we have first shown that, under the drivings of the applied laser beams, 
two directional motions (i.e., the vertical direction's "artificial" hydrogen and the in-plane bosonic 
modes) of the trapped electrons could be coupled together to generate the desirable JCMs. This is 
similar to the laser-assisted coupling between the internal electronic and external motional states 
of trapped ions [1150. In order to implement JCMs with significantly strong coupling in the system 
of electrons floating on liquid Helium, here a THz cavity, instead the quantized in-plane vibra- 
tion of the electron, is introduced to resonantly couple the "artificial" hydrogen. The configuration 
considered here is a single surface-state electron trapped in a THz cavity. The cavity-induced inter- 
action between the electron's in-plane oscillation (the relevant vibrational region is much smaller 
than the wavelength of the cavity mode) and the atomic levels is negligible. Thus, the "artificial" 
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hydrogen could only be resonantly coupled to the quantized THz mode and the desirable JCM 
with strong coupling could be realized. Furthermore, a driven JCM ll^ could also be generated 
by additionally applying an external classical laser beam to drive the electron. With such a driven 
JCM, we show that some nonclassical quantum states, such as the coherent states and Schrodinger 
cat states, of the THz cavity could be easily prepared. 



n. JCM WITH A SURFACE-STATE ELECTRON TRAPPED IN A THZ CAVITY 

A single electron floating on the surface of liquid Helium (e.g., ^He) is weakly attracted by 
the dielectric image potential V{z) = —Ae^/z, where e is electron (with mass me) charge, z is 
the distance above liquid Helium surface, and A = (e — l)/4(£: + 1) = 0.0069 with e = 1.0568 



being dielectric constant of liquid "^He lllTll . A barrier (due to the Pauli force) about 1 eV is formed 
to prevent the electron penetrates into the liquid Helium. Thus, the electron's motion normal to 
the liquid Helium surface can be approximately described by a ID hydrogen. The energy levels 
associated with this motion form a hydrogen-like spectrums En = —A'^e^mj2n'^h'^, which has 



been experimentally observed [Il8h . The corresponding wave functions read lll9ll 



M^) = 2n-lr-Jzexp[-^]LllU^), (!) 
with the Bohr radius = fi? / (meC^A) ^ 76 A, and Laguerre polynomials 

L(") {x) = — — [e-^a:"+°] . (2) 

In the plane of the liquid Helium surface, the electron could be confined by an potential gen- 
erated by the charge Q on the micro-electrode, which is located at h beneath the liquid Helium 
surface (see Fig. 1). For simplicity, on the liquid Helium surface the electron is assumed to be effec- 
tively constrained to move only along the x-axes. Therefore, under the usual condition z,x « h, 
the total potential of the electron can be effectively approximated as |lo| 

Ae^ 1 
U{z, x) ^ h eE±z + -niev'^x^ (3) 



with Ex_ Qjh? and v eQ / {rrieh^) = \/ eE^j {mji) . This indicates that the motions of 
the trapped electron can be regarded as a ID Stark- shifted hydrogen along the ^-direction, and a 
harmonic oscillation along the x-direction. Following Dykman et.al. [10:1 . only two lowest levels 
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FIG. 1 : (Color online) A sketch of a surface-state electron confined in a high finesse cavity by a micro- 
electrode Q submerged by the depth h beneath the Helium surface. 

(i.e., the ground state l^) and first excited state |e)) of the ID hydrogen are considered to generate 
a qubit. As a consequence, the Hamiltonian describing the electron reads 



He = hv[a^a + 2) + 



(4) 



Here, b) and a are the bosonic creation and annihilation operators of the vibrational quanta (with 
frequency u) of the electron's oscillation along the x-direction. az = |e)(e| — \g){g\ is the Pauli 
operator. The transition frequency Ua is defined by cUa = {E^ — Eg)/h with Eg and being the 
corresponding energies of the lowest two levels, respectively. 

We now suppose that the above surface-state electron is trapped just right in a QED cavity, see 
Fig.l. For simplicity, we assume that a standing wave propagate on the x axis and the electric 
vector of the cavity takes the form ll20n 



EAx. 



(5) 



Here, eo is the vacuum dielectric constant, ujc is the frequency of the electric field, V is the nor- 
malized volume of the field, represents the unit polarized vector of ^-direction, is the wave 
number, x denotes the position of the oscillating electron from its trapped center, 0c accounts for 
the relative position of the center of the electron to the standing wave and 0c = means that 
the ion is centered at an antinode of the standing wave, W and h are the creation and annihilation 
operators of the basic mode of the cavity field, respectively. 



The Hamiltonian describing the whole motion of the electron now reads 

H = Ho + ezEc{x,t), 



(6) 



with 



^0 = hu{a^a + ^) + + hucPb. (7) 



Certainly, a more realistic model should include the cavity mode and electron's interaction with 
a dissipative environment (e.g., the liquid Helium and the finite quality factor cavity). Here, we 
are interested in the strong coupling regime wherein the dissipation could be neglected. With the 
Pauli and bosonic operators defined above, the positions z and x can be expressed as 



1 h 

z = Zgea^ + -{zee- Zgg)az and x = W ^ ^ (a^ + a), (8) 

where z^e = {e\z\e), Zgg = {g\z\g), and Zge = {e\z\g). As a consequence, the Hamiltonian (6) can 
be rewritten as (0c = 0) 

H = Ho + hQc{b^ + 6)<T^(e^''^('^^+^) + e-*''^(^^+^)) + hQdb^ + b)a,{e''^^^^^+^^ + e-*''^(^^+^)) (9) 

where f2c = ^Zg^ ^/uJjsKeoV describes the strength of coupling between the electron and cavity 
field, fic = e{zee — Zgg) >/oJ^j32heoV ^ 0, due to the broken parities of the quantum states of 
the above ID hydrogen. Finally, rjc = uJc^/H/ {2mev)/c (where c is the velocity of light) is the 
so-called LD parameter describing the strength of the cavity field induced coupling between the 
z- and a;-direction motions of the trapped electron. 

For the typical parameters E±_ = 3 x 10^ V/m and h = 5 x 10~^ m |[lo|, the ^-direction 
transition frequency and the x-direction's vibrational frequency of the electron are estimated as 
LUa/ (27r) ^ 0.27 THz and u/(2'k) ^ 16 GHz, respectively. Consequently, the above LD parameter 
rjc ~ 10^'' for the resonant condition: ujc = uja- For such a sufficiently small LD parameter, 
one can perform an approximation exp[±z?7(a + a))] ^ 1 (which means that the cavity-induced 
interaction between the z- and x-direction's motions of the trapped electron is robustly neglected). 
Therefore, the Hamiltonian (9) can be further simplified to 

Hl = Hq + 2m^{p + b)a^ + 2nn,{p + b)a,. (10) 

In the interaction picture defined hy U = exp{—itHo/h), we have 

Hj = 2hn^{b^e''^^^ + 6e-^'^^*)((T_e-^'^"* + a+e*^"*) + 2nn^az{b^e''^^^ + be'''^^^). (11) 



Assume that the applied the cavity is resonant with the atomic qubit, i.e., Ua = ojc, the famous 
JCM 

= 2hVl^{pa_ + ba+) (12) 



could be obtained under the usual rotating- wave approximation (RWA) [|21 , 
state |m) l^f) or \m)\e) the time-evolution under the Hamiltonian (12) reads 

\m)\g) — > cos{Vt.^_it)\m)\g) - z sin(fi„,_it) |m - l)|e), 
\m)\e) — > cos{yLmt)\m)\e) — zsin(f2mt)|m + 

with 



22|] . For an initial 



(13) 



2Vtc^/m + 1 for m > 0, 







for m < 



(14) 



being the effective Rabi frequency, which depends obviously on the initial occupation number m 
of the cavity. With such a JCM, the coherent vacuum Rabi oscillation [|5D between the present 
artificial qubit and the vacuum cavity could be presented. 



III. A DRIVEN JCM IMPLEMENTED BY ADDITIONALLY APPLYING A CLASSICAL LASER 
BEAM 

Now, we apply an additional classical laser beam: Ei{x, t) = E^tz cos(/c/x — uit — 0;) to the 
floating electron, and then write the total Hamiltonian describing the present model as 

H = Ho + eEc{x, t)z + eEi{x, t)z 

+lThc(b'^ + 6)(T^(e*''=("^+'^) + e-*''-(^^+^)) (15) 

_|_^J^^^_^(^g«'7i(«+a''")-i'^;i-«0! _|_ g-ir;;(a+at)+iaj;t+i</>;^ 
j^f^^^ ^^^im{o-+a')-i<^lt-i<t>i _|_ ^-ir]i{a+a'f)+iu)it+i<j)i'\^ 

Here, Ez, e^, ki, toi, and (pi are the amplitude, unit polarized vector of z-direction, wave- vector, 
frequency, and initial phase of the applied classical laser beam, respectively, fi; = eZg^Ez/ {2h) 
describes the coupling strength between the electron and the applied classical laser field, (li = 
e{zee — Zgg)Ez/ {Ah) 7^ due to again the broken parities of the quantum states of the ID hydrogen. 
Also, the new LD parameter rji = ooi^/h/ {2mev)/c describes the strength of the laser induced 
coupling between the motions of 2;-and x-directions of the trapped electron. 



Again, under the resonant condition: uo^ = uji = cua, all the relevant LD parameters are signif- 
icantly small, i.e., rfc = rji 10"'' ~ 0. As a consequence, exp[±z?7(a + a))] ~ 1, and thus the 
Hamiltonian (15) can be simplified to 

which reduces to 



(16) 



+ Mlia (g-*(^i+^a)i-«0i _|_ ^i{LOl-U)a)t+i(t>l^ _j_ ^^^^ ^ ^^i{uJa-l^l)t-icl>l _j_ ^i(uJi+UJa)t+i(l>l' 



(17) 



in the interaction picture defined by ?7 = exp(— iti^o/^)- 



Under the above resonant condition and the usual RWA, a driven JCM lll6h : 



(18) 



is realized. Where, the first term corresponds to the JC interaction, and the second term is due to 
the driving of the classical laser field. The above driven JCM is solvable and the relevant time- 
evolution operator reads 



(lit) = e-TDHr)H,cDir) ^ D{-r)e~T^>c JJ^ 



r . 



(19) 



Here, D(r) = exp{r¥ — r*b) is the displacement operator with r = e ^^'^li/ (2^1^). One can easily 
prove that 

D\r) = D~\r) = D{-r), D\r)bD{r) = b + r, D\r)P D (r) = P + r* . (20) 

A potential application of the driven JCM proposed here is that it can be utilized to prepare 
certain ty pica l nonclassical quantum states (e.g., the displaced Fock states [|l6n and Schrodinger 
cat states 112311 ) of the THz cavity. In order to implement these preparations, we first set (pi = and 
perform a basis transformation \±) = {\g) ± |e))/ V2 to rewrite the driven JCM Hamiltonian as 



-^DJC ~ 



b^{fz - f+ + f_) + b{f^ + f+ - f_ 



(21) 



with fz = ax, r+ = (— (x^ — a_ + (3"+)/2 and f_ = (— + (T_ — (t+)/2. In the interaction picture 
defined by U = exp(— zri/tf^), we have 



-^DJC ~ 



'b\i 



i2Q,t' 



-i2Qit 



(22) 
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Note that the amplitude Ez of the applied laser field is experimentally controllable, and thus ^li 
can be effectively increased with the increasing of E^. Next, let us consider the strong driving 
case where ^li ^ fig. Under the RWA, the Hamiltonian (22) yields the combination of a JC and 



an anti-JC interactions [|23h 



^eff = hQc{b^ + b)fz = hQ,ib^a_ + ba+) + hQcib^a+ + ba.). (23) 

Obviously, if the electron-cavity is initially prepared in |0)|+), then a coherent state \a) = 
exp(— |a|^/2) ^'^^oia"^ / VrnJ.)\m) , a = —itVtc of the THz cavity field can be generated. On 
the other hand, if the electron-cavity is initially prepared in \Q)\g) = |0)(|+) + \—))/\/2, then a 
Schrodinger cat state of the THz cavity: 

W) = ^ + I - «)|-)) = \ m + I - + (!«)- I - «))|e)] (24) 

is implemented. Furthermore, if the electron is detected in l^f), then the cavity field collapses to 
the so-called even coherent states; whereas if the electron is detected in |e), then the cavity field 
collapses to the so-called odd coherent states. 

IV. DISCUSSIONS 

In principle, the device proposed here is experimental feasibility. First, trapping electrons in 
a small region on the surface of liquid Helium by setting suitable micro-electrodes has been ex- 



perimentally realized lUJj]. For the typical vibrational frequency u/{2n) ^16 GHz and transition 
frequency uJa/{2Tx) ^ 0.27 THz, the localization length of the electron moving in the plane is 
L|| = ^JhjvrLf.v ^ 0.3 nm, which is far less than that of the size of the corresponding cavity (it is 
on the order of wavelength ^ixcjuJa ~ 1 mm). Also, the vertical motions of the electron (which is 
estimated on the order of ^ 76 A) is far less the typical value of cavity waist (probably on the 
order of yum). 

Second, the superfluid Helium (< 2.2K) naturally provides a sufficiently low temperature sur- 
rounding of the present system. As consequence, the thermal noise of the cavity could be well 
suppressed. For example, for the thermal state 

m=0 
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most of photons are at the vacuum state, e.g., the probability Pq of the photons at the vacuum state 
is significantly large: Pq > 96%, for the cavity with frequency (e.g., ~ ITHz). Above, ks and T 
are the Boltzmann constant and temperature of the cavity, respectively. 

Thirdly, the system proposed here could work in a strong-coupling regime, i,e., the interaction 
strength is sufficiently larger than the decays of the artificial atom and the cavity. In fact, the 
decay rate of the above artificial ID hydrogen is estimated [Q, [l^ to be 7 ~ 10 KHz for the 
typical vibrational frequencies i^/{2n) ~ 10 GHz and transition frequency Ua/{2n) ~ 0.1 THz. 
The main source of the noises on the atom is the so-called ripplons, i.e, the thermally excited 
surface waves of liquid Helium J^, Probably, decay rate of the atom could be significantly 
decreased by localizing electrons more strongly in the plane (corresponding to a larger frequency 
of in-plane vibrations). Worthy of note, localizing electrons more strongly in the plane of the liquid 
Helium surface deceases also the LD parameters, making the LD approximations performed above 
work better. On the other hand, the decay of the cavity is mainly due to the photon scattering or 
absorbing on the imperfect cavity mirrors. A high finesse cavity can significantly decrease the 
decay rate, as k ^ ctx /{2FL). Here, L and F are the length and finesse of the cavity, respectively. 
For example, the decay rate of the Fabry-Perot cavity (with L = 0.12 mm and F = 4.4 x 10^) 
in Ref. [|24n is as low as k = 8.9 MHz. Slightly differing from the cavity in Ref. [|24n . let us 
consider a cavity with a modest size, e.g., L ^ 1 mm, which is comparable to the typical wave 
length: A = 27rc/uja, of the present system uja/{27v) ^ 0.27 THz. The decay rate of this cavity 
could be further lowered to be k = 1.1 MHz. Also, the transition matrix element is estimated 
as Zge ~ O.Sr^ and the volume mode of the cavity is V = tx{w/2YL ^ 3.14 x 10~^mm^ 
for a typical waist w = 2Q fim lisl- Therefore, the so-called coupling strength could be up to 
go = 2^lc ~ 33 MHz, which is significantly larger than the decay rates of the above atom and 
cavity. As a consequence ll25ll . the number of photons inside the cavity needed to appreciably 
affect the electron is calculated as uq = 7^/2(7q ^ 4.6 x 10"^, and the number of electrons needed 
to appreciably affect the cavity field is Nq = 2K'y / ^ 2 x 10"^. This implies that the present 
system could work in the strong-coupling regime. 

Compared to the usual system of a natural atom interacting with an microwave cavity [|5|], one 
of the most advantages of the present system is that it possesses a sufficiently long electron-cavity 
interaction time. Indeed, the interaction time between the flying atoms and microwave cavity are 
relatively short (i.e., on the order of ~ ws [jsl]). In order to increasing cavity-atom interaction time, 
the optical lattice technique (see, e.g., il6\ ) have been utilized to trap the atoms in cavities, and the 



9 



recent experiments showed that such a time can be increased to the order of s MM- Like the trapped 
ions inside the cavity 112 811 . the present system has sufficiently long electron-cavity interaction time, 
because the surface-state electron can be, in principle, always trapped in the cavity waist by the 
applied micro-electrode. 
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